Analytical procedure, based on the linearized stability analysis, is presented for the determination of the buckling load and the buckling temperature of a straight, geometrically perfect, axially loaded steel column subjected to an increasing temperature simulating fire conditions. The non-linear kinematical equations and the non-linearity of material are considered. The stress-strain relation for steel at the elevated temperature and the rules for reduction of material parameters due to increased temperature are taken from European standard EC 3. Theoretical findings are applied in the parametric analysis of a series of Euler's columns subjected to two parametric fires. It is found how the slenderness of the column, the material non-linearity, the temperature dependence of material parameters and the stiffness of restraints at supports effect the critical temperature.
Introduction
Steel columns are very efficient structural elements both in terms of construction time and load bearing capacity. Steel is vulnerable to fire, however, and steel struc-tures, potentially exposed to fire, require a particularly careful design. This especially holds true for steel columns as they are loaded in compression and are thus prone to buckling. With an increase of temperature, strength of steel and the stiffness of columns decrease leading to buckling at an even much lower level of external loading than at the room temperature. The practical design of columns exposed to fire is regulated by several building codes such as, e.g. Eurocode 3, 1 BS5950 2 and ISO 834. 3 These standards offer simplified methods of analysis for isolated columns, which sometimes do not give sufficiently reliable quantitative predictions of the fire bearing capacity of a column, if it is a part of a frame.
A greater accuracy and a deeper insight into the thermal and mechanical behaviour of a column during fire can be obtained by the use of sophisticated mathematical models and modern numerical tools of solution. These formulations make it possible to consider and analyse various material models, fire load scenarios, boundary conditions, restraints and geometric imperfections. Such numerical models have also been applied to steel columns subjected to elevated temperatures, e.g. see Ref. [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . The research is often focused onto the effect of boundary restraints in a column caused by the presence of other members that frame into it, because their influence is of an utmost significance, and is often hard to predict computationally. 8, 9, 11, 15, 19, 20 Most of the formulations employ translational and rotational springs in modelling the restraints. Note that the restraints can either improve 21 or decrease the sustainability of the column to fire.
5,8,22
Analytical solutions are much more difficult to obtain and are only limited to the determination of fire resistance. The majority of analytical solutions revolves around the Merchant-Rankine equation and the second-order theory of beams.
Skowronski 23 derived an analytical formula for the fire resistance of a simple steel column. Toh et al. 24 derived the formula of the critical temperature for axially and eccentrically loaded columns. Tang et al. 25 improved their formulae by taking into account the effects of an initial crookedness, residual stresses, material models and the load eccentricity. Huang The present article presents a systematic analytical procedure for the determination of the critical temperature of a straight, geometrically perfect, axially restraint and axially loaded steel column exposed to fire. A series of standard simplifications and assumptions need to be introduced, however, to enable the analytical solution to be derived. In particular, we assume that a steel column can be realistically modelled by a kinematically exact planar beam model of Reissner 28 neglecting the effect of shear strain 29 . Next, we assume a non-linear, temperature dependent material law, which accounts for both viscous and plastic strains. The mathematical expressions for the stress-strain law of steel at high temperatures are taken from Eurocode 3 1 along with the explicit expressions for temperature-dependent material parameters. As the walls of the steel sections are thin, we further assume that the temperature field in the column is uniform, but somewhat delayed with regard to temperature of the surrounding gas. 
Basic theory

Preliminaries
We consider a straight steel column of initial, undeformed length L and a constant I-shaped cross-section. The column is centrically loaded with an axial force F while simultaneously being exposed to fire (Fig. 1) . The plane of deformation of the column is the plane (x,z) of the Cartesian coordinate system (x,y,z). The reference axis of the column is assumed to coincide with its centroidal axis. Modeling the interaction between fire and a structure is a hard job to do. The majority of models assume two independent analysis steps, the first one being the determination of the temperature field in the column and the second one consisting of the determination of the stress and strain field due to a combined effect of mechanical and temperature loads. In what follows, we only shortly describe the first step, while the second step is presented in detail.
The temperature field
The variation of temperature of gas in the fire compartment depends on many parameters, like the type and amount of fire load, area of the fire compartment, thermal properties of walls, area and the position of openings. 31, 32 . To avoid such a complexity, one usually introduces the so called parametric temperature-time curves, which uniquely define explicit temperature-time relationships for typical situations. 33 These relationships have been constructed from the results of extensive experimentations. After the time-variation of the gas temperature in the compartment has been obtained, we determine the temperature within the structure.
This requires the integration of the differential equation of heat conduction. 34 We assume that temperature over the whole surface of the steel structure is uniform.
Moreover, as typical steel sections are thin-walled, it is reasonable to assume a uniform temperature over the cross-sections. Then the temperature change becomes dependent only on time, yielding the solution as given in Eurocode 3 1 :
Here ∆T s,t presents the temperature increment in time interval ∆t, k sh is the correction factor for the shadow effect, m = A m /V is the section factor for unprotected 
3)
9)
10) bottom, x = 0: 
In Eq. (2.19), the quantities in the parentheses indicate the dependence of the increment on the particular quantity. The functional relation of the temperature strain increment, ∆D i th (T i ), is provided by Eurocode 3 1 . There the total rather than the incremental temperature strain, D th , is given with a formal expression
. The stress-dependent strain increment, ∆D i σ , also termed the mechanical strain increment, is assumed to be equal to the sum of elastic and plastic strains, ∆D
cr , is, in general, a function of the current temperature, stress, time and the total viscous strain D i cr . 13 In experiments, however, it is very difficult to determine separately, in unique and accurate way, plastic and viscous parts of the strain at high temperature. This is one of the reasons why it is often assumed that both the plastic and viscous strains can be treated as a combined plastic strain. 1, 35 In such a case, ∆D i is given by
where ∆D i σ now combines the contributions of both plastic and viscous strains.
Such a simplified material model for steel at high temperature is also adopted by Eurocode 3 1 and is given as
This model will also be used in our formulation. In Eq. (2.21) D p,T denotes the strain at the proportional limit, D y,T is the yield strain, and E s,T is elastic modulus. The development of the stress-strain state in a steel column during fire is fully determined by the system of 10 non-linear algebraic and differential Eqs. (2.2)-(2.11) for 10 unknown functions of x:
general analytical solution is not available and the solution must therefore be obtained numerically, e.g. by the finite element method. In contrast, the buckling loads can be obtained analytically. The derivation is given in the next section.
3. Linearized buckling analysis
Fundamental equilibrium path
We seek the loss of stability of a column subjected to both an axial compression load and an increasing temperature. Prior to buckling, such a column remains straight and vertical. Hence the fundamental equilibrium solution is characterized by the
2)-(2.9) gives:
3) 
The integration of Eqs. (3.4) and (3.5) gives 
Thus, the fundamental equilibrium of the column is described with the following system of non-linear equations:
14)
and the boundary condition (3.39)
The remaining boundary conditions, Eqs. (2.12)-(2.14), (2.16)-(2.17), are satisfied identically. Table 2 given non-linear algebraic equations must be obtained iteratively. Table 2 . Geometrical data for cross-sections.
boundary condition
Buckling load
The linear theory of stability enables to find the critical point on the fundamental equilibrium path by the linearization of the governing equations. 36 It is convenient to write Eqs. (2.2)-(2.11) in a vector form:
of functions f i are also written in the vector form:
In the context of the stability theory, δx means the perturbation in x.
The linearization of equilibrium Eqs. (2.2)-(2.11) when written at the fundamental equilibrium solution gives
In Eqs. with respect to the plane (x, z) and a uniform temperature field in the column, these components assume rather simple forms:
The linearized equilibrium Eqs. 
in which the buckling load parameter k i has been introduced as
The general solutions of Eqs. (3.42) and (3.43) are
The unknown integration constants, 
, which can be written in a matrix form as The condition, enforced by Eq. (3.50), determines the critical point of the structure. This is either limit or bifurcation point. The bifurcation point results in buckling of the column and most probably its loss of stability; for slender columns, this is a dominant form of instability if the column is exposed to the fire.
The explicit form of matrix K i T can easily be deduced and is given by
Its determinant reads detK
where
and k
. Condition (3.50) along with Eqs. (40) and (42) evaluated at the fundamental solution (see Table 2 ),
52) This time the only unknowns are N cr and T cr .
In the present article, we discuss only the four classical boundary conditions of Euler (Fig. 1) . As then the boundary conditions are relatively simple, Eq. (3.52) can even further be simplified. For a simply supported column, labelled PPC (pin-pin), this equation takes the form:
Its solution is k cr L = nπ (n = 1, 2, . . .). For a given load F = F cr , the smallest value of the critical temperature, T cr , appears to be at n = 1. Once k cr L = π has been established, the critical force N cr is found from Eq. (3.54). For a partially restrained pin-pin column (µ H = ∞), the critical temperature is determined from Type of the column
Note:
Description of the solution method
As the viscous strains of the material model considered here are accounted for only indirectly (as a part of plastic strains), the systems of non-linear Eqs. as the basic unknowns, these are determined in the first solution step, while t cr is determined later on from Eq. (2.1).
The accuracy of the solutions of Eqs. (3.52)-(3.54) is solely dependent on the machine precision of a computer and the round-off errors. In contrast, the accuracy of t cr also depends on the time step, ∆t.
Parametric studies
The parametric studies presented in this section will show the effects of fire regime, Table 4 . In all the parametric studies, standard sections with commercial labels HEA 300, HEA 500, HEB 400
and IPE 300 are used. The stress-strain curves of steel at various temperatures are depicted in Fig. 4 .
As observed from Fig. 4 , temperature is a significant factor of strength and ductility of steel (Fig. 4a) . Of a particular importance to the bearing capacity of columns is that the ductility is much larger at high temperatures. Fig. 4b shows changing of the elastic modulus with strain at various temperatures. Note that strength and elastic modulus of steel at 800
• C take only about 10% of their values at the room temperature. The decrease of the ultimate axial bearing capacity of the cross-section with temperature is presented in a numerical form in Table 5 . As already discussed, the accuracy of T cr is only dependent on the machine precision, while the accuracy of t cr also depends on the time step ∆t. This is illustrated in Table 6 for a column made of profile HEA 300 and being subjected to the ISO 834 fire. The figures in the table indicate, however, that the differences in t cr are negligible, if ∆t is less than about 20 seconds. As expected, T cr is insensitive indeed to the value of ∆t. In what follows, we systematically analyse various effects on buckling of steel columns in fire.
The effect of fire regime and material model
Our first analysis is concerned with the effects of the fire regime and the material model on buckling of an axially unrestrained steel column (PPC, µ H = 0). Two material models are employed: a perfectly elastic material and an elasto-plastic material (see Fig. 4a ). The same dependence on temperature is assumed for elastic modulus E s,T for both perfectly elastic and elasto-plastic material model, employing the expression E s,T = k E,T E s,20 . In the analyses, the following data were used:
section HEA 300, steel S 235 and load F = F cr = 0.5 N ult,20 . The related ultimate axial bearing capacity is N ult,20 = 1327.75 kN. Fig. 5a shows the variation of the critical time, t cr , with the column slenderness, λ = λ PPC = L A/J, for the ISO 834
and natural fires. The related variation of the critical temperature, T cr , is presented in Fig. 5b . If compared to the natural fire, the ISO 834 fire results in substantially smaller critical times for both material models and any column slenderness. In contrast, the critical temperature graphs coincide for the two fire regimes and are thus independent on how fire develops (Fig. 5b) . As expected, buckling of very slender columns (λ > 115) still occurs in the elastic range of material; the material non-linearity is, however, essential for less slender columns. "Short" elastic columns with the slenderness less than about 75 experience neither buckling nor the fracture of material. Points A * and A in Figs. 5a and 5b mark the exact positions needed to determine these particular slendernesses.
The effect of boundary condition
Fully analogous conclusions as stated above hold true for any Euler's column. This can be observed in Fig. 6b where the graph of the critical temperature as a function of the column slenderness is depicted. Here, the column slenderness is defined as
where L u is the buckling length of the particular column under consideration. As already discussed, the buckling length remains constant during the temperature increase; thus, L u = 2 for the FC column, and L u = 0.5 for the FFC column (Table 3) . If instead we employ the same slenderness for all columns, say λ PPC as in Fig. 6a , the graphs do not coincide. As we see from this figure, the cantilever column is more prone to buckling compared to the fix-fix column. 
The effect of the cross-section
The effect of properties of the cross-section on buckling is very much within our expectations (Fig. 7) . The effects were analysed for two fire regimes. We employed only steel S 235. The PPC column was subjected to F cr = 0.5N ult,20 = 1327.75 kN.
The column with section IPE 300, which has the smallest moment of inertia, buckled first. The column with section HEB 400 buckled the last despite the fact that it has not the largest moment of inertia. This is due to its small section factor. As indicated by Eq. (2.1), the transfer of temperature over the cross-section is proportional to the section factor. Consequently, smaller the factor, bigger is the delay of temperature.
Hence buckling occurred much earlier in the columns having a large section factor. 
The effect of yield strength and load ratio
Next we analyze the effects of yield strength, f y,T , and load ratio on buckling of a steel column exposed to high temperatures (Fig. 8) . The columns were assumed to be subjected to three different axial loads, i.e. (Fig. 8) . 
The effect of material model
The effect of the adopted material model on the buckling resistance is shown in 
The effect of axial restraints
Our final discussion directs into the effect of the stiffness of axial restraints. The HEA 300 section, made of steel S 235, is employed. Two load ratios were analysed: A very similar behaviour of columns is observed, if the restraint is rigid (µ H = ∞) and the column is pin-like supported at both ends. Some further results for the critical temperature, the related normalized axial force and the normalized bending stiffness of the cross-section are given in Table 7 . 
Conclusions
We presented an analytical procedure for the determination of the critical temperature of an axially loaded, axially restrained, geometrically perfect steel column, if exposed to a temperature increase, which is characteristic for the standard or natural fire. Within the assumption that steel at high temperature behaves in accordance with the material model proposed by European standard Eurocode 3, temperature is determined exactly. As a result of extensive parametric analyses, the following findings can be stated:
• The dependence of material parameters on temperature, the slenderness of the column and the shape of the cross-section, all have a significant effect on the critical temperature.
• Buckling lengths of Euler's columns are not subject to change during fire.
• The critical temperature is found to be a unique function of the slenderness of a steel column for a given cross-section, the loading level, and for any of
Euler's columns.
• For the axially restrained columns, the buckling resistance decreases with an increase of the stiffness of the axial restraint for columns with slenderness λ > 16, and increases for columns with λ < 16.
Of a particular interest for a structural engineer are the findings that the critical temperature is a unique function of the slenderness for all Euler's columns and that buckling rather than the over-strengthening of the cross-section is the mode of collapse of the steel column subjected to a fire-like increase of temperature.
